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BBEJAEHHUE

KombunaToprka (KOMOMHATOPHBINA aHAIM3) — 9TO pa3ell MaTeMaTUKH, B
KOTOPOM peliaroTcs 3a7adyud BbIOOpa M PACONIOKEHUS JIIEMEHTOB HEKOTOPOTO,
00BIYHO KOHEYHOT'0, MHOXECTBa B COOTBETCTBUM C 3a/JlaHHBIMHU IpaBUIaAMHU.
Kaxnoe Takoe mpaBuio oOIpeaenseT Ccrnocod MOCTPOEHUsT HEKOTOpOi
KOHCTPYKIIMM W3 3JEMEHTOB HCXOJHOTO MHOXECTBa. Takyr KOHCTPYKIIUIO
MPUHATO HAa3bIBATh KOMOMHATOPHOUW KOH(PUTYpaIUeH.

KoMmOuHaTtopuka pa3BUBaeTCsS BO B3aUMOJEHCTBUU C  aireOpoi,
reoMeTpuel, Teopreit BeposiTHocTel. KomOuHaTOpHbIE KOH(MUTYpallud HAXOISAT
npuMeHeHue B MH(OpPMATHKE, CTATUCTHYECKON (pu3mke, OMOIOTUM M JPYTUX
HAyYHBIX JTUCHIUTIINHAX.

Hacrosimmme Meroanueckue yKa3aHUSl COCTaBIEHbI i oOecreyeHus
MPAKTUYECKUX 3aHATUM M CAMOCTOSITEIbHOM pabOThl CTYJICHTOB MPU U3YUYEHUU
mucudriiH - «Marematuka», «Teopuss  BEpOSATHOCTEM, MaTeMaTH4YeCKas
CTaTUCTUKA W CIydailHbIE MpOIECCh». MeToaudyeckue yKa3aHus MOTYT OBITh
WCIIOJIB30BaHbl MPU TMOATOTOBKE OakaJlaBpOB MO Y4E€OHBIM IUIaHAM OYHOU U
3a04HOM (popM 00yUeHHUS.

B pabGore mpencraBieH Marepuand MO CIAEAYIOIMIUM  TEMaM:
KOMOMHATOpHbIE 4YHCIa U OOBEKTHI, METOJ MAaTeMAaTHYeCKOW WHAYKIIUH,
IPaBUJIO BKJIIOYCHUN W UCKITIOYCHHH, CIIydailHble COOBITHUS W MX BEPOSTHOCTH,
CiTy4ailHbIi BBIOOp O3 BO3BpallleHHs W C BO3BpalleHueM. [l KaXkaoW TeMBI
MPUBEJICHBl KPATKUE CBEJCHUSI U3 TEOPUU, PACCMOTPEHBI MPUMEPHI PEUICHUS
3a/a4y, TMpeACTaBiICHbl BapUaHThl 3aJaHUN JJIi KOHTPOJBHBIX paboT U
CaMOCTOSITEJIbHOM paboThl cTyneHToB. Hymepauus ¢GopMmyn U PUCYHKOB B
TEKCTE€ METOJUYECKUX YKa3aHUW MPUHATA CKBO3HOM B KaXJ0M paszJiere.

B cnucok nutepaTypHBIX HMCTOYHUKOB aBTOPHI BKIIIOUWJIM H3BECTHBIC
ydeHble mocooust U coopHuku 3anayd [1-4,6,8,9], a Takke yueOHyIO TuTEpaTypy,
aBTOpaMu KOTopou sBjsttoTcs npenoaasarenu DTU (bumman) CI'TY [5,7].



1. 2JIEMEHTbI KOMBUHATOPUKU
8 1. KoMOMHATOPHBIE YNCJIA H 00 bEKTHI

1.1. HexkoTopsble cBeIeHUSI U3 TEOPUN MHOKECTB

[Tousitue MHoIHCECMB0O OTHOCUTCS K MCXOAHBIM TOHSATHUSAM MaTeMaTHKHU.
Ono o6o3HauaeT HaOOp, COBOKYMHOCTh KaKHUX-JIMOO OOBEKTOB, HA3bIBAEMBIX
onemenmamu MHodcecmea. Ecnmum smeMeHT a BeTpedaercs B Habope,
MIPEICTABIISIONIEM JTAHHOE MHOXKECTBO A, TOBOPSAT, YTO JIEMEHT MPUHAJICKUT
JTAaHHOMY MHOXeCTBY: @ € A. Jlyst 0003HAYCHUS nYCcmo20 MHOMCeCmad, TO €CTh
MHOXECTBA, KOTOPOMY HE€ MPUHAJICKAT HU OJHOTO DJIEMEHTA, UCIOJIb3yeTCS
cuMBOJl J. MHOXECTBO, cojieprKaliee KOHEYHOE YHCIIO JIEMEHTOB, Ha3bIBAIOT
KOHEYHbIM MHONCECTNBOM.

Ecnmu kaxIpld SJIE€MEHT, KOTOPbIA MPUHAIJICKUT MHOXKECTBY A,
NPUHAJICKUT B TO K€ BpeMs MHOXKECTBY B, ToO MHOXKeCTBO A Ha3bIBAIOT
noomnoocecmsom MaHOxkectBa B 1 Ac B (A Bkmouaercs B B). Ilpunsro, uro

JUI JIIOOOro MHOKeCTBa A BBINIOJHSAIOTCS BKIOUeHHI AC A, O cC A

Ecnu Bemonnsitorest ycnosus A B u B < A, rosopst, uto A u B —
pasnvle mHodxcecmsa. A=B.

MuoxectBo U  Ha3bIBaeTCS VHUBEPCANbHBLIM, €CHU JJs  J1000ro
MHOXXECTBA A, KOTOpOE MOXKET OBITh pPacCMOTPEHO B JaHHOW 3amaue,
BhITIONTHsIeTCsT yeinoBue Ac U . B ciydae, korjga yHUBEpCadbHOE MHOXKECTBO
ompeneneHo,  Jiro00€  MHOXECTBO  MOXHO  33JaTh C  IOMOIIBIO
XapaKkTepUCTUUYECKOTO YCJIOBUS: €CId JUIsi JAaHHOTO DJJIEMEHTa YCJIOBHUE
BBITIOJTHSETCSI, TO 3JIEMEHT MPUHAJJIEKUT MHOKECTBY, €CJIM HE BBIIIOTHSAETCS —
HE MIPUHAJIJICHKUT.

Mpumep.1l.l. OmnpeneauTr Ha MHOKECTBE ICHCTBUTECIBHBIX YHCE
oTpe3ok [a,b].

B nannom mpumepe U=R, A=[a,b]. O6o3naunm yepe3 X Mpou3BOIBHOE

JICHCTBUTEIILHOE YHCJIO. Torna [a,b]={xeR | a<x<b}. Poib
XapaKTEPUCTHUYCCKOTO YCIOBHUS BBIMOJIHSIET IBOMHOE HECTPOTOE HEPABCHCTRO.

C MHOXecTBaMU IPOU3BOJBHONW MPUPOJIBI MOKHO COBEPIIATH ONEpalUU
OOBEIMHEHUSI U TIEPECEUEHUsI, ONPENEIATh PA3HOCTh MHOXKECTB U JOIMOJTHEHHE
MHOecTBa. [ IpuBenem onpenesnenus s yKa3aHHbIX ONIEpalnil.

Ob6veounenuem MHOXKecTB A u B (obo3Hagaercs kak AU B)
Ha3bIBAE€TCA MHOXKECTBO BCEX TE€X U TOJBKO TEX JJIEMEHTOB, KOTOPHIC
NpUHAAJICKAT XOTs Obl omHOMY W3 MHOkecTB A, B. CumBOibHas 3amuch
JTAHHOT'O OTIPE/IETICHNS

AUBZ{XEU‘XEA unu XeB}.



llepeceuenuem maoxectB A u B (oOo3nauaetcs kak AN B) Ha3biBaeTCs
MHO>KECTBO BCEX T€X U TOJIKO TEX PJIEMEHTOB, KOTOphIC puHAIe:)kaT 1 Au B,

TO €CTh
AnB={xeU|xeA u xeB}

Pasnocmoio mHOX)ecTB A m B (06o3Hauaercs kak A\B) HaspiBaeTcs
MHO>KECTBO BCEX TE€X M TOJBKO TE€X JJEMEHTOB MHOXKECTBa A, KOTOpbIE HE
npuHaiexkat B, To ecth

A\B={xeU|xeA u xgB|

Hononnenuem wMuoxxkectBa A (oOo3HauaeTcss kak A, wm  —A)
HA3bIBACTCSI MHOXKECTBO BCEX TE€X W TOJNBKO TEX ODIIEMEHTOB, KOTOPHIE HE
npuHagexar A, TO €CTh

—A={xeU|xeA}

HarnsimHoe npeacraBnenue o0 3TUX ONepanusax Aal0T ouazpammel Benna.
Ha Takux nuarpammax MHOXKECTBa M300pa)karOTCsl MPOU3BOJBLHBIMU (PUTYpaMH,
JIKAIUMH B TUIOCKOCTH, COOTBETCTBYIOIIECH YHHBEPCAIBHOMY MHOXECTBY U .
WnmocTpani TaHHBIX ONEpaluidi B BUAE AMarpaMM BeHHa mpuBeneHb Ha
puc.1-4.

Puc. 1. ObrenuHedtHe MHOEECTE Puc.2 IlepecedeHHE MHOEECTE

Puc.3 PasgHocT: MEHOKECTE Puc 4. JomonseHHe MHOXECTEAR
Jns mpencraBiieHUs O CBOWCTBAax oONEpauyid HaJ MHOXECTBAMHU IPUBEAEM
HECKOTOPBIC TOXKIACCTBA TCOPUU MHOXKCCTB.
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AuB=BUA AnB=BnA — CBOMCTBO KOMMYTAaTUBHOCTHU;

(AuB)UC=AuU(BUC),

— CBOMCTBO aCCOLIMAaTUBHOCTH;
(AnB)NnC=ANn(BNC)

A=A AND =,
AN—A=0, AuU =U, - neicTBus C MyCThIM M YHUBEPCATBHBIM MHOKECTBAMH;

AnU =A Au-A=U

(1.1)
—— A=A — MIPaBUWJIO ABOWHOTO JOTOJHEHUS (ABOMHOTO OTPUIIAHUS );
AUA=A ANnA=A — CBOMCTBO HJIEMIIOTEHTHOCTH;
An(BuC)=(AnB)U(ANC), 5
— CBOMCTBO TUCTPUOYTUBHOCTH;
Au(BNC)=(AuB)n(AUC)
—|(AU B) = —|Aﬁ —|B,
— npaBwIo Ae Moprana
IIycte nmamee A,B - nmnpousBoibHBIE MHOXECTBa. /lekapmoso

npouseedenue MHOXKeCcTB A u B (obOo3Hauaercs kak Ax B) — 3To0 MHOeCTBO
BCEX YNOPSIOYECHHBIX Hap (X, X,) Takux, 4ro X, € A, X, € B.

[Ipumep.l.2. Tlpu 3anucu 1IAXMATHOM MapTHM  HMCHOJIB3YHOTCS
MHOXecTBa A= {a,b,... ,h} — 11 0003HAYCHUST BepTUKaJel, u B = {1,2,...,8} -
s o0o3HaueHus: ropusoHTtaneil. [lons maxmaTHONW AOCKM 00O03HAuYalTCsA C
MoMOIIIBIO 3eMenToB MHOXKecTBa Ax B = {(a,1),(a,2),...,(,8)}.

3aMCTI/IM, qTo MOJKHO IMOCTPOUTD ACKapTOBO IIPOU3BCACHHC
IIPOU3BOJIBHOT'O YKUCJIa MHOXKCCTB!

AxA X xA (X X)) | X €A i=1,n]. (1.2)

VYnopsinoueHHslid  Habop neMeHTOB  (X,..., X ) Oyaem Jaiee Ha3bIBaTh

BEKMOPOM.
B ciyuae, xorna B npousBegeHud (1.2) Bce MHOXKHUTEIU PaBHbI MEXKITY
coboit, To ectb A =A, =...= A = A, 10oBOpAT TIPo dexapmosy cmenenb A"

MHodcecmea A.



1.2. Meroa maTeMaTHYeCKOH MHAYKIMHU

Meron MaremMaTH4eCKOM MHAYKLIMH SIBISIETCS OJHUM M3 CIOCOOOB
CTpPOroro J0Ka3aTelbCTBAa MPEIJIOKEHUNM (YTBEPKACHHM), 3aBUCSIIUX OT
HaTypajabHOTO aprymeHTa. CyTh METO/Ia 3aKJIFOYAETCS B CJIETYIOLIEM.

Ilyemve M — wamypanvnoe uucio, m>1 u P(n) — npeoroscenue,
3asucsawee om N, 20e N> M.
Ecnu
1)  P(m) cnpaseonuso,
2)  P(n) 6yoyuu ucmumneim npeonodcenuem, eieyem UCMUHHOCHb
npeonoxcenus P(N+1) ons 106020 namypanvuozo N, N >m,
mo P(N) — ucmunnoe npednosicenue ons 1106020 HamypanwbHoz2o N, N > M.,

[Tynkt 1 npuHATO Ha3bIBaTh 0a30il MHAYKIIMHU, MYHKT 2 — IIaroM UHIYKIUU.
Jonymienne B myHKTe 2 copaBemBoctd  P(N)  —  MHIYKTHBHBIM
MPEANOI0KEHUEM.

I[Tpumep.1.3. Jlokazars, 4TO AJIs1 JJH0OOOT0 HATYPAIBHOTO N BBIMOJHACTCS
PaBEHCTBO
n(n+1)(2n+1)

6
1) YcranoBumM MCTMHHOCTH 0a3bl UHAYKUUU. [Ipy Nn=m =1 umeeM uUCTUHHOE

1-1+1)-(2-1+1)
6 :
2) Jlokaxkem, 4TO 0OOCHOBAH IIar MHAYKIUHU. JleHCTBUTENBHO,
P+2°+..+n*+(n+)*=1*+2*+...+n*) +(n+1)?,
TO €CTbh, COTJIACHO UHAYKTUBHOMY MPEANIOJIOKEHUIO,

PP+2°+..+n* =

paBeHcTBO 17 =

1P+2°+..+n*+(n+1)° = n(n+1)(2n+1) +(n+1)°.
B cuny
n(n+DE@N+D) g (0 +1)((2n* +n) +6(n+1)) _
6 6
_2(n +1)(n? +3,5n+3) _2(n+)(n+15)(n+2) _
6 6
_(n+D)(n+2)(2(n+1) +1)
5 ,
nojyyaem
1°+2°+..+n°+(n+1)° = (n+(n+2)2n+1+1)
6

ITocnennee O3HAYacT, 4TO IIar MHAYKOHUH PCaIn3yCTCA.



HNctuHHOCT, 0a3bl MHAYKIMM ©U OOOCHOBAaHHOCTH IIara WHIYKIUU
JTIOKa3bIBAIOT, 4YTO JAHHOE€ B YCJIOBUU PABEHCTBO BBIMOJHAETCA [UJISI BCEX
HATypaJbHBIX YUCEIL.

1.3. IIpaBu10 CyMMBI U PABWJIO MPOW3BEIEHUS

[IpaBuiio cymMmbl W TIPaBUJIO MPOU3BEACHUS OTHOCATCS K OCHOBHBIM
MpUHITUTIAM KOMOUHATOPHKHU. {7151 Kak0oro npaBuiia nmpuBeaeM GopMyITHpOBKH
COOTBETCTBYIOLIMX TEOPEM U PACCMOTPUM HPUMED.

Teopema (npaBuino cymmsl). Eciu ons K=1,...,n snemenm Xy ModicHO
gvibpamv My cnocobamu, npuuém 6vl00p O0O0HO20 INeMEHmMA UCKIIYaem
00HOBPEMEHHDIIL 8bIOOD OpPY2020 INEMEHmMA, MO HUCIO CHOCODO08 B8blOpamb
«Ub0 X1, MUOO Xz, ... MO0 Xp» pasrHo My+My+...+m, .

Teopema (mpaBuno mpousBenenust). Ecau ons K=1,...,n anemenm X
MOJICHO 8blOpamv My cnocobamu, mo HUCIO CNocobo8 6blOpamv GeKmMop

(X X,) paguo my-My-...-My .

3aMeTI/IM, 4TO J0Ka3arcjIbCTBO IPUBCACHHBIX TCOPCM  IMMPOBOAHUTCA C
HCIIOJIB30BaHHUECM MECTOAA MaTeMaTHUYECKOMN HHAYKIOWU.

[Ipumep.l.4. Ilycth uMeercs MATh KPACHBIX M CEMb CHHUX LIAPOB.
Torma umeercs 5 crocoO0B BeIOpaTh KpacHBIM Imap U 7 CIOCOOOB BHIOPATH
cuauii mmap. KonmdecTBo crnoco0oB BhIOpaTh OJWMH IIap 0Oe3 ydera IBeTa
OTpeIeIISIETCS 10 MpaBMIly CyMMBI Kak 5+7=12. KonmruecTBO criocoO00B BEIOpATH
CliepBa KpAacHbBIM IIap, a 3arTeM CHUHUK LIap ONpeAessercss N0 IMPaBUILY
MPOM3BEACHUS Kak D 7=35.

1.4. Pa3melieHusi M nepecTaHOBKH

PaccmoTpuMm xoHEUHOE MHOXKECTBO X, cojepikaiiee N aneMeHToB. bynem
Ha3bIBaTh BEKTOPHI (X ,...,X )€ X", M<nN ynopsodoueHnvimu m-8blO0OpKAMU

UIU pasmeujeHusMu U3 N 31eMeHmos no m.
Uucno pa3nmuuHbIX pa3MemieHud w3 N 1o M 0e3 MOBTOPEHUH 3JIEMEHTOB

BBITHUCJEACTCA 10 IIPABHITY YMHOXKCHHA U COCTABJIACT
|

. n!
Al :n(n—l)...(n—m+1)=m. (1.3)
B dbopmyie (1.3) ucnosb3oBan ¢haxkmopuai, TO €CTh BEIUYHHA
1, n=0,
1. (n-1-(n-2)-...-2-1, n=1,2,3,...
B cinyuae m=n ¢opmymna (1.3) naet yucro nepecmanosox uz n 21emenmos
P =n! (1.4)

7



[TpaBuno yMHOXKEHUS TTO3BOJISIET TAKXKE ONPENIETUTh YUCIO pa3mewyeHuti u3 N no
m ¢ NOBMOPEHUAMU DTIEMEHMO8
A"=n". (1.5)

Paccmotpum npuMepsl nojpcueTa Yuciaa pa3MEeIeHu U MepeCTaHOBOK.

[Mpumep.1.5. Hmeercs wmuoxkectBo mudpp D={0,1,...,.9}. Ckombko
pa3nuuHbiX WUGPOB M3 TpeX LHUQPpP MOKHO COCTAaBUTh B Cllydasx, KOria
MOBTOPBI TGP 3ampenieHbl JIUOO0 pa3pemieHbl?

Nmeem n=10, m=3. B cnyyae, korjga MOBTOpHl IM(p 3ampemnieHsl,
KoJinuecTBo mudpoB onpeaensercs no opmyne (1.3) u cocrapiser

AL :1—0!:1—0!:10-9-8=720.
@o-3)r 7
Jna cioywas, Korga TOBTOPBI IMGP pa3pelieHbl, KOJUYECTBO MIM(POB
onpenensieTcs o popmyine (1.5) kax A2 =10° =1000.

[Ipumep.1l.6. Cxkonbko crmocoOOB CyMIECTBYET JJIsl TOTO, YTO PACCATUTH
12 3pureneii B 3ane, rie umeercs 12 mect?

Jlanast 3amaga CBOJUTCS K TMOJCYETYy 4YHCIA TEPecTaHOBOK u3 12
anemeHToB. @opmyna (1.4) nmo3BossieT BeraucauTh P1,=121=479001600.

PaccmoTpum Teneps MHOXKECTBO U3 N 3JIEMEHTOB IIPH YCIOBHUH, UTO CPEAU
HUX MBI pa3inyaeM M TUIOB 3jeMeHTOB. Ilycth K; siieMeHTOB OTHOCATCSA K
IepBOMY THIY, K, 3JIEeMEHTOB — KO BTOPOMY, M TakK Jajee, BIUIOTh 10 Kp
9JIEeMEHTOB TocieaHero tuma. Ilpm stom Ki+ko+...+kp=n. Ecim snemeHTHI
OJIHOTO W TOTO >K€ THUMA JUIA HAC HEPA3IMYMMbI, TO YHUCJIO TEPECTAHOBOK
JOJDKHO TIOJIy4aThCsl MeEHbIe, ueM 1o dopmyrne (1.4). JleiicTBuTenpHO, B
JAHHOM CJIy4ae Mbl MOJIY4aeM HepecmaHo8Ku ¢ nogmopeHusmu. YUcio Takux
MEePECTaHOBOK PaBHO
(kK k)]

k!k,!. K, !

I[Tpumep.1l.7. Ilycts umeercst 12 mapoB, U3 HUX MATh KPACHBIX U CEMb
cuHuX. CKOJBKO Pa3HBIX MEPECTAHOBOK MBI MOXKEM IPEACTABUTH, HE Pa3ardas
OJIHOLIBETHBIE IIapbI?

[Mpumenum dopmyny (1.6) mpu m=2, k=5, k,=7. Torma uckomoe 4ucIio
MEPECTaHOBOK PABHO

P(K,, K, ... k) (1.6)

G+7) 120 8-9-10-11-12
oSkt B/t 5-4.3.2-1

CpaBHEHHE pe3ylbTaTOB JIBYX INOCIEIHUX MPUMEPOB WILIFOCTPUPYET PaA3HUILY
MEX/1y IIEpECTAaHOBKaMH C MMOBTOPEHUSIMH U 0€3 TOBTOPEHHUIA.

P(5,7) = ~8.9.11=792.



1.5. Coueranus

B nauane AJAaHHOT'O ITYHKTA JOKAXXEM CJIICAYIOIMICC YTBCPIKACHUC.

TeopewMma. Yucno ecex M-21emenmubix HEYNOpPsi004UeHHbIX
I’lO@MHO.?fcecme MHOHcecmeda u3 N siemeHmos PABHO
0 n! n(n-21...n—m+1
_ _n(n=D)..( ) w7)

" mi(h-m)! mm-1-..-2-1

Jns moKa3arenabcTBA PACCMOTPUM CIHEPBA PA3NMYHBIE YIIOPAIOYEHHBIE
M-3JIEMEHTHBbIC BBI60pKI/I N3 JAHHOI'O MHOKECTBA. Yucno Ttakux BBI60pOK
onpenensiercss kKak A". 3aTeM yYMTHIBAEM, YTO B JAHHOM TEOpPEME Pedb UIET O
HCYIIOPAJOYCHHBIX IIOAMHOXECTBAX. Yucno TaKHUX IIOAMHO>XCECTB 10
OTHOIIICHUIO K A" YMEHBIIAETCSI KPATHO YUCIY MEPECTAHOBOK M3 M 3JIEMEHTOB.

Torma C"=A"/P., uro mpuBomautr c ydetrom ¢opmyn (1.3) u (1.4)
paBenctBy (1.7).

HOI[MHO)KCCTB&, pPaCCMOTPCHHBIC B  TCOPEMC, Ha3bIBAIOT  TaKXC
couemanusimu uz N anemenmos no M. BenuuuHa Cr:n HOCUT HA3BAHHUC YUC/O

couemanuti 6e3 nosmopenuil u3 N anemenmog no M. IlpuBenem 6e3 BbIBOJA
HEKOTOPBIE U3BECTHBIE TOXKJIECTBA JJIsl YUCIIa COYETAHUM

Cr=Cr",  Cr=Cri+Cr,  YCr=2", Y(Cr)’=Cl. (18)
m=0 m=0

3ametuM, 4tOo TpeThsa (opmyna u3 (1.8) mo3BosgeT OTBETUTH Ha BOMPOC:
CKOJIBKO BCETO CYIIECTBYET MOJIMHOKECTB Y MHOXECTBA U3 N JIIEMEHTOB?

[Ipumep.1.8. Bo3pMeM Te ke IATh KPAaCHBIX M CEMb CHHUX LIApPOB,
KOTOpPBIE HCIIOJIB30BAIM B MpeAblAylIUuX mpumepax. CKOJBKO BapUaHTOB
CYILIECTBYET AJI TOTO, YTOOBI BHIOPATH JIBa IIapa OJMHAKOBOTO IBETA?

JI71s1 OTBETa Ha MOCTABJICHHBIN BOIPOC BBIIIOJIHUM CJIEIYIOIINAE TEUCTBUSA.
1) Onpenenrm YUCIIO BApUAHTOB JJIsl BEIOOpA ABYX KPACHBIX LIAPOB

m, =C/ :izﬂzlo
2131 1.2
2) OmnpenenyumM 9KUCI0 BAPUAHTOB JIs1 BRIOOpA IBYX CHHUX IIapOB
m, =C? :1:6;7:21
2151 1.2
3) Bocnomp3yeMcst mpaBUIOM CyMMBlI M HaileM HCKOMOE YHCIIO BApUAHTOB
BbIOOpA Mapbl OJHOLBETHBIX apoB M =m, + m, =10+ 21 =31.

Jlns  cioydasi, Korja OdJ€MEHThl MOTYT HCIIOJB30BaThCsd B Habope
HCCKOJIBKO pa3, IPUMCHAIOT YUCI0 couemanuu ¢ noe6mMOpPEeHUAMU U3
N osiemernmos no M

En_cn _(n+m-1!

n n+m-1 m!(n _1)| (19)
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I[Tpumep.1.9. CkoIBbKO pa3HBIX PE3yIbTATOB MOXHO IOJYYHTh IPHU
OpocaHuu JIBYX UTPaTbHBIX KocTel? OTBET JaTh IS CISAYIOIMINX CUTyaIui
1) ecnmu MBI OT/IMYAEM OJHY KOCTBh OT JPYTOM; 2) €Clu KOCTH HepasInIUMBI
MEXKTy COOOH.

B mepBoM ciyyae 4YHCIIO BapHaHTOB M OMNPEACNSICTCS IO TPaBUIY
mpous3BeNeHuss, TO €CcTb  M=M;-Mm,=6:6=36. Bo BTOpoM  ciy4ae
m=C/ =C?=21.

1.6. bunom HeroTtona. [loamnomuanbuas gopmyJia

Tepmun 6unomuanvruas gopmyna Hoiomona (6unom Hviomona) — 310
MCTOPUYECKH CIIOKUBILIEECS HA3BAaHUE IS CIIEAYIOIIETO YTBEPAKICHUS

Teopewma. /[lna npoussonvhvix yucioswvix eenudun a,b npu n=0,1.2,...
Cnpaseou8o paseHcmeo

(a+b)" =Y Cra™"b" (1.10)
m=0

JIJIs  ToKa3aTenbCcTBA TEOPEMbl TMEPEMHOXHM IOCIeA0BaTeIbHO (a+h)
N pas. Iomyunm cymmy u3 2" cmaraembix. Kaxmoe criaraemoe OyneT MMETh
Buy d;d,...d,, rae di=a ;6o di=b (i=1,...,n). Jlanee crpynmupyem ciaraeMbie C
OJIMHAKOBBIMH cTereHs MU b, 1 mpeacTaBum

(a+b)" =Y B a""b".
m=0

Benuuuna B, paBHa unciy cnaraeMeix, cogepxaiux crerness b". 3ametnm, uto
KOJIMYECTBO TAaKWUX CJIaraeMbIX PaBHO YHCIY CIIOCOOOB ONpPEICIUTh B
npousseneHuu dqd,...d, poBHO M MHOXHTENEH Kak d;=b. [[pyrumu ciioBamu, By,
PaBHO YUCITY pa3IMIHBIX HEYTOPSAIOYEHHBIX BBIOOPOK U3 N eMeHToB o M. Ho
torna B, =C" u mbl npuxomum k ¢popmye (1.10).

®opmyna (1.10) mus 1menslx HEOTpPUIATETBHBIX 3HAYCHMM N ObLla
U3BeCTHA 3a70ar0 10 HploTOHa, HO eMy yaanock OOOOUIMTH pe3yabTaT IS
ciydasi ApOOHBIX M OTPHUIIATEIBHBIX TOKa3aTelel creneHu. Ynciao codeTaHwid
C", xoTopoe HUCMOIb30BaHO B (opmyie OmHOMa HbIOTOHA, MPUHATO TaKxKe

Ha3bIBaTh OUHOMUATIbHBIM KOIDDUYUEHMOM.

Jist  BeIUMCIEHUST OWMHOMHMAIBbHBIX KOA(MOUIMEHTOB TMpU  MaJbIX
3HAUYEHUSIX N yI00HO MOJIb30BaThCs TaK HA3BIBAEMBIM mpey2oabHukom llackans.
B srTolt TpeyronpHOW Tabiuile Hymepalus CTpoK HaumHaeTcs ¢ 0, CTpoka c
HOMEPOM N COAEPKUT OMHOMMANIbHBIE KOX(DPUIMEHTHI Julsl pasnoxenus (a+h)".
Kax b1l koadduiirienT, kpome KpailHUX ABYX, KOTOPbIE PaBHbI 1, BEIYMCIISAETCS
KaK CyMMa COOTBETCTBYIOHIMX KOA(D(OUIIMEHTOB MNPEIbIAyIIe CTPOKH. ITO
npaBuio oO0ycioBiaeHO BTOpoi (opmynoit u3z (1.8). Ha puc.5 mpuBeneHs
nepseie 10 cTpok TpeyroapHuka Ilackans
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Puc.5. ®parment Tpeyroasauka [lackans(n=0,1,2,...,10)

[Ipumep.1.10. YactaeiMm ciydaem OuHomMa HploToHa sBISITOTCS
U3BECTHbIE M3 Kypca UIKOJBHOM MaTeMaTuku (QOpMYJbl COKPAIIEHHOTO
YMHOXEHHS — KBaJIpaT CyMMbI U Ky0 cymmbl. Hanpumep,

(a+h)’ = Z;CSma""mb"‘ =C;a™b" +Cja”'b" +C;a"*h* +Cja™’b’ =

=a’+3a’b+3ab’ +b°.
3HadyeHns OMHOMUAIBHBIX KO3(P(PHUIIMEHTOB MOXHO BBIUYHUCIUTH O (opMyIie
(1.7) nmm B3sTH M3 TpeyroapHuka Ilackans.

[IpuBenem nanee 6€3 BBIBOJA NOJUHOMUATLHYIO POPMYTLY

(,+a,+..+a,)" = > Pk,k,,...k Jayz..a". (1.11)

Ki+ky+..+Ky=n

Tonunomuanvuvie  xkosppuyuenmor  P(K,K,,...,k ) B dopmyne (1.11)

OTIpeNIeNSIIOTCS KaK YHCJIO MEePECTaHOBOK C MOBTOpEHUsIMU 1o (opmyie (1.6).
[Tpu N=2 popmymna (1.11) cBogurcst k bunomy Herorona (1.10).

8 2. MeTo1 BKJIYEHUHN U MCKJII0YCHUM

B nannom maparpade Oynmer paccMOoTpeHa ¢opmyna 6xuroueHull u
UCKTIOYeHUli, KOTOpasi TMO3BOJISIET HAXOAUTh YHUCIIO 3JIEMEHTOB B OObEIUHEHUU
KOHEYHOTO YHCJIa KOHEUHBIX MHOXECTB. YCIOBUMCS 0003HAYaTh YHCIIO
3JIEMEHTOB B MPOU3BOJIHLHOM KOHEYHOM MHOXKeCTBe A dyepe3 M(A).

Teopema. Ilycmov Ay,..., Ay — npou3sonbHvie KOHeuHble MHOMCECEd.
Toz0a cnpaseonusa popmyna KOUeHUL U UCKTIOYEHUL

M(A U..UA)=Ym(A)~ Ym(A NA)+

I<i<n I<ij<i,<n

(1.12)

£ YMA AA AA) et (CDTMA A ALAA),

1<ij<iy<i<n
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JloKka3aTeIbCTBO TEOPEMbI MOXKHO HaWTH B ydeOHOU jutepatype [3]. Mbl
3aMETUM  TOJIBKO, 4YTO JOKa3aTeJIbCTBO MOYKHO IIPOBECTH  METOAOM
MaTeMaTHYECKOW MHIYKIIMU, KOTOPBIA paccMaTpUBaiCs B IIyHKTE 1.2.

I[Ipumep.1l.l. KonTponapHas paboTa 1o MaTEMaTHKE COCTOMT M3 TPEX
3aja4: mo ainreOpe, IJIAaHUMETPUUM M cTepeomeTpuu. M3BectHO, dYTO
KOHTpOJIbHYIO paboTy BbimonHAad 1000 mkonbHuKOB. U3 HUX 3amady 1o
anreope pemrm 800, mo mnanumerpuun — 700, mo crepeomerpun — 600
yenoBek. Ilpu 3TOoM 3amaum mo anrebpe u 1iaHuMeTpun pemmiaun 600
IIKOJIBHUKOB, 1O anredpe u crepeomerpun — 500, MO IUIAHUMETPUU W
crepeomerpun — 400. Bee tpu 3anaum pemmin 300 yenoek. CymiecTBYIOT JIH
IIKOJIbHUKH, HE PEUIMBIIME HU OJHOM 3aaauu? Eciu CymiecTBylOT, TO CKOJBKO
ux?

O6o3naunM: U — MHOXECTBO BCEX IIKOJIBHUKOB, A — MHOXECTBO
IIKOJBLHUKOB, PELIMBIIMX 3ajlady Mo airedpe; P — MHOXeCTBO NIKOJILHUKOB,
PEIIMBIINX 33J1a4y 10 TJIAaHUMETPHH; S — MHOYKECTBO IIKOJbHUKOB, PEIINBIINAX
3a7ja4y MO MJIaHUMETPUU. [JaHo MO yCIOBHIO 3a]ja4n

m(U) =1000, m(A)=800, m(P)=700, m(S) =600,
m(AnP)=600, m(AnS)=500, m(PnS)=400, m(AnPnS)=2300.
HMckoMoOM BEIMUYMHOM SBIISIETCS
m(—(AUPUS))=mU)-m(AUPUS)
Boruncnum no hopmysie BKIIIOUEHUH U HCKITIOUEHU N
m(AUP US)=m(A)+m(P)+m(S)-
—M(ANP)-m(ANS) -m(PNS)+m(ANPNS) =

=800+ 700 + 600 — 600 —500 — 400 + 300 = 900.
Torma m(—(AUPUS))=1000-900=100. Takum 06pa3oM, He PEIMIN HH

onuoit 3agaun 100 MIKOJIBLHUKOB.
3amaHus I CAaMOCTOSATEILHOM PadoThI CTY/IEHTOB

JIns yacTh 3a1ad yKazaH MCTOYHUK U3 CIHCKa JINTeparypsl. HekoTopeie
3a7a4l  MHOTOKPATHO BCTPEYAKOTCS B  PA3JIUYHBIX HCTOYHUKAX, CTaB
«MaTeMaTH4eCKUM (OJIBKIOPOM.

1.1. 3anuineM TpeIoKeHue «Yembipe yCmanvix MONYANUBHIX NYMHUKA
00J120 NePeNCUOANU 6HE3ANHO PA3PAUSULYIOCS 2pOo3Y». BylieM BhIYEpPKHBATH U3
HEro CJIoBa TaK, YTOObI BCSAKHI pa3 MOJy4aaoCh MPABHIBHOE IMPEIIOKCHHE
(HarmpuMep, HeJb3s BBIYEPKHYTh CJIOBO «yemblpe», HO MOXHO BBIYEPKHYTh
CIIOBO «ycmanvix»). BbluepkuBaTh CIIOBA MOXHO B JIIOOOM MOPSAKE OTHO 3a
apyruM. CKOJBKMMH CITOCOOaMU MOYKHO TPUATH K MPEIOKEHUIO, U3 KOTOPOTO
yI)Ke€ HEJIb3sl BBIYCPKHYTh HU 0JIHOTO ciioBa? [3] Omeem: 60
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1.2. JlokaszaTh, 4TO CJICIYIOIIME YUCIIa — nebie [4]

I I I
2) (2n).; 5) (3n).; B) (2n)! .
2" 2"3" n'(n+1)!
1.3. B ¢yrbonpHOM TypHHpE NPUHSAIM Yy4YacTHE HECKOJIbKO KOMaHI,

IIpUYCM KaxJiad KOMaH/la CbII'pajia € OCTaJIbHbIMHM II0 JBC MaT4a. Bcero

cocrostiioch 90 matyeii. CKOJIBKO OBLIO KOMaH/T?
Omeem: 10

1.4. HNmeercs m OenblXx U N YEepHBIX MIAPOB, mpuueM M >N. CKOIbKUMU
CIOCO0AMH MOXKHO BCE IIAphl PA3l0oXUTh B PSJ TaK, YTOObI HHUKAKHE JBA
YEepHBIX Il1apa He Jaekaau psaom? [1]

Omeem: C |

1.5. CKOJIbKUMH CTIIOCOOaMU MOYKHO ITOCATUTh 3a KPYTJIBIA CTOJI N MY>KYWH
¥ N KEHIUH TaK, YTOOBI HUKAKWE JIBA JIMIIA OJTHOTO T0JIa HE CUACIU PSAOM?

. 2

Omesem: 2(n!)

1.6. CkonpkuMHU  croco0aMu  MOXKHO BbIOpaTh 6 KapT M3  KOJOJBIL,
coJieprKaiei 52 KapThl, Tak, 9TOOBI CpeI HUX ObUTA KapThl KAKIOW MacTH? [4]

Omeem: CC}(CL) +CZ(C%) (CL ) 6362512

13

1.7. JIist okpacku OJHOM TpaHW KyOumka TpeOyercs 5 cekyHi. 3a Kakoe
HauMeHblllee Bpemst 3 4ejoBeKa MOTYT BBIKpacuTh 188  KyOHKOB?
[Ipeanonaraercs, 4To Ba YeJIOBEKa HE MOIYT OJHOBPEMEHHO KpPacUThb OJUH
KyOuk. [4]

Omeem: 1880 ¢

1.8. Ceccuto u3 Tpex 3k3amMeHOB ycnemHo ciaan 41 crynent. Bo3moxkHbie
olleHKU: 5, 4, 3. Jloka3arb, UTO MO KpailHEN Mepe MATh CTYJICHTOB CAAJIH CECCHUIO
C OJIMHAKOBBIMHU OIICHKaMHU. [4]

1.10.  CkoyibkMMHU CIIOCOOaMU MOXHO YIOPSIOYUTh MHOXKeCTBO {1,2,...,2n}
TaK, 4YTOOBI KaX/JI0€ YeTHOE YUCIIO UMEIIO YeTHBIH HoMmep? [3]

Omsem: (n1)?

1.11. Tpoe cymMacmeAmKnX MajasIpoB MPUHSIUCH KPACUTh MOJ, KaXKIbli B CBOU
usetr. OnuH ycnen 3akpacutbh KpacHbIM 75% mona, apyroit 3enéueiM — /0%,
TpeTuil cuHUM — 65%. Kakas yacTp mosja HaBepHSKa 3aKpallleHa BCEMHU TPEMS
kpackamu? [1]

Omeem: 10%

1.12. CxonbKO CyIIECTBYET IIECTU3HAYHBIX YHCEN, y KOTOPBIX Kaxiaas
nocieAyromas mudpa MeHbIe npeapiaymei? [1]
Omeem: 210
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3amaHus 11 KOHTPOJIbHOI pa6oThl «KoMOnHaTOpPHBIE YKNCIa H 00beKTHI» [6]

1. 3 nanHO#1 Iponopuyy HAUTH X U Y.

Bap. JlaHHas nmponopuus Bap. JlaHHas nponopuus
1 |crt:c),:C), =5:4:2 16 |Ccr2:Cc’':C’, =28:12:3
2 Cr*:C’:C*=3:3:2 17 Crl:C’ :CX=6:3:1
3 [Ccr2:criiCr=42:35:20| 18 | C':C’:C'=72:45:20
4 |cr.crtic’, =3:4:3 19 |cr2:Cc’:C’=14:10:5
5 Cri:C’ :Crl=4:5:4 20 Cr?:Cr:C’ =28:24:15
6 Cr:C’:C’'=21:14:6 21 crt:Cc’ :Cx'=15:5:1
7 C)?:C)*:C)=3:5:5 22 C):C):C)" =15:24:28
8 Crz.Cr:C’ =2:4:5 23 Cr#.Cx:C’=7:7:5
9 |cr:Cc:Cll=2:3:3 24 | C’7:C¥iC! =6:7:6
10 Cr*:C’:C)"=14:8:3 25 Crl:C’ :C’ =5:5:3
11 Cr#.Cx:C’=5:3:1 26 crt.cr:.crt=1:7:21
12 Cr?:Cr:C’,=5:6:5 27 Cr?:C):C’)=42:35:20
13 |crt:c),:Cli=14:7:2 28 [ Cr?:C’1:C), =45:20:26
14 |c:cr:Ccri=6:14:21 29 | Cri:C’,:Cll=55:22:6
15 Cr#:Cx:C»=24:9:2 30 Cr:C’:C)"'=3:4:3

2. B pa3inoxxeHuu TaHHOTO BbIpaXKeHUs P 1Mo MOJUHOMHAIBHON (hopMyIie HalTH
k N

KO3 PUIIMEHT npU X', MOJTYUYEHHBIN MOCHIe PacKphITUS CKOOOK M MPUBEACHUS

IMOJIO0OHBIX YJICHOB.

Bap.| k P Bap.| k P Bap.| k P

1 | 23] @03 | 11 [112 | (4+xB+xH)® | 21 | 44| 2+ xP-xH!
2 | 96| (A+x°-xO) | 12 | 46| (1-x"+OM | 22 | 27| 3+ C+x%)°
3 | 80| (4-x*+xO)™ | 13 | 48[ (B+x>-x)™ | 23 | 56 (2- ¥*+x°)¥
4 130 | (x-2+x)® | 14 | 40| (x*+3-x)"° | 24 | 68| (1+x"%-xH"
5 | 66| (x-x*+3)* | 15 [132 | (2-x*+x"*| 25 | 60| (2-x"+x")™
6 | 48| (1+x-x)* | 16 | 34| (4+x*-x)Y | 26 | 17| (7-x+xH™

7 114 ] 3+x"x®)?| 17 | 96 | (1+ x*-x")**| 27 | 150 (2-x°>-x")*

8 | 30| (x+3-x)™ | 18 | 57| (2-x*+x")® | 28 |120| (x"*+x’-3)"
9 | 18](@+°x%)° | 19 | 60| (@+x"xH" | 29 | 34| (x*x*+2)P
10 | 22| (3-x*+x)* | 20 9| (5-x-x°)" 30 |300 | (x'%-3+x™)*
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2. KOMBUHATOPHBIE METO/IbI BBIYUCJIEHUS
BEPOSITHOCTEN

B HacTos11ee BpeMst 0OIEPUHSTHIM SBJISIETCS. aKCHOMAaTUYECKHUH MOAX0.T
K OIpPENEIEHUIO BEPOSTHOCTH, npemtoxkeHHbii A.H. KomMoropossiM B 30-x
rogax XX Beka. Ilpu 3TOM KOHKpeTHbIE CHOCOOBI MPUMNHCATH JAaHHOMY
CIIy4aiiHOMY COOBITHIO Ty HJIM MHYIO BEPOSITHOCTH MOTYT OBITh Pa3InYHBIMHU.
Cpenu Takux crnocoOOB Hambojee NPOCTHIM (M TMEPBBIM B HCTOPUYECKOM
OTHOLLUEHUH) SIBJISIETCS METOJI, OCHOBAHHBIN HAa TaK HA3bIBAEMOM KJIACCHYECKOM
ONpEIEICHUN BEPOSTHOCTH. XOTA 3TO ONpPENEIEHUE HMEET MHOTIOBEKOBYIO
HCTOPHUIO, OHO U B HACTOSAIIEE BpEMsI HaXOJUT LIMPOKOE MPUMEHEHUE B CaMbIX
pa3MyHBIX O0OJIACTAX 3HAHUW (B TE€HETUKE, MH(POpPMATHUKE, CTATUCTUYECKOH
dbusukKe u T.1.).

Bropas yacTh HacTOALIMX METOJIMYECKHX YKA3aHWI MOCBSIICHA 3aja4aM
BBIYMCIICHUSI KJIACCUYECKON BEpPOSITHOCTH, PEUIEHUWE KOTOPBIX OCHOBAaHO Ha
UJesX U METOJaX, PACCMOTPEHHBIX B MPEIBIIYIIECH YacTu.

§ 1. Cayuaiinbie cOOBITHS U UX BEPOATHOCTH

B nanHOM pa3zgene npuBENEHBI OCHOBHBIE OIPEIECNICHUSI, CBSI3AHHBIE C
MOHSATUSIMUA ~ CIYy4YalHOTO COOBITUSI M €r0  BEPOSITHOCTH, U3JIOKECHHE
cooTBeTcTBYeT Mmocoouo [7]. C moapoOHBIM OCBEIICHHWEM JaHHBIX BOIPOCOB
MOYKHO 03HAKOMUTKCS, HApUMep, 1o GyHIaMeHTaIbHOMY yueOHuKY [9].

1.1. Onepanum Hag cOOBITUAMHU. AJIreOpbI U CUTMA-AIre0pbl COOBITHH

Onpenenenue. Cryuatinoe coovimue — 2mo cobvimue, 0 KOMmopom npu
OaHHBIX YCNOBUSAX HeNb3sl 3apaHee CKA3AmMb, NPOU3OUOem OHO UMU  Hem.
CoBoKynHocmub yClo8uii, CONPOBONCOAIOWUX CAyUaUHOe cobvimue, (ecau ux

MOJHCHO gocnpouszgecmu He0OHOKPAMHO) HA3bl8AIOM CILYYAUHbIM
IKCNEPUMEHMOM UNU UCHBIMAHUEM.
CnyualiHple COOBITHSA (ZIajee — TIPOCTO «COOBITHS») 0003HAYAIOT

MPONMUCHBIMU JaTUHCKUMU OykBamu A, B,C,...

Onpenenenue. Hcxo0 O0anHHO20 CAYHAUHO20 JKCNEPUMEHMA, He
pasznoxcumvlii. Ha 6ollee npocmvle UCXOObl, HA3LIBAEMCS DJIeMEHMAPHBIM
UcCxo0oM Ul 2JIeMeHmMAapHulM  cobvimuem.  OlemMeHmapHvle  coObIMuUsL
0003HaAUAIOM KAK ®,®,,... UL npocmo ®. Mnodcecmeo 6cex 21emenmapHuix
coObIMULl OAHHO20 CNYYAUHO20 IKCHEPUMEHMA HA3bI8AIOmM NPOCMPAHCNEOM
INeMEeHMAapHbIX codbimuil u 06o3nauarom €.

Onpenenenue. Ilycmv A — nekomopoe (InemenmapHoe uiu Heni)
cobvimue 6 oaHHom ucnvimanuu. I'ogopsam, umo OauHwlll IIeMEeHMAPHBIN UCXOO
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e Q  oOnaconpusmcemeyem HacmynieHuro coovimus A, eciu A npoucxooum
0OHOBPEMEHHO C .

MaremaTuueckoil  MOJENbIO  CIy4alHOTO  JKCHEPUMEHTa  CIIY)KHT
HEKOTOpoe abCTpaKTHOE MHOXKECTBO (2, 3JEMEHThl KOTOpPOro  (TOYHEe,
OJTHORJIeMeHTHbIe ToaMHOXecTBa {w}C ) M300pakarOT 3JICMEHTapHBIC

coObITHS, a POYKE MOJMHOKECTBA A C () — CIIOXKHBIE COOBITHSI, COCTOSIIUE U3
AIIEMEHTApPHBIX COOBITUM, OJIArONpPUSTCTBYIOMMNX A.

Bce MHOXKECTBO 2 OTOXIASCTBISIETCS C docmosephbim codvimuem (T.e. ¢
TEM, KOTOpPOE 3aBEJOMO MPOUCXOJUT B JIAHHOM HCIIBITAHUH), IyCTOC
MHOXECTBO & — C HeBo3MOdiCHbIM coObimuem (C T€M, KOTOPOE HE MOXKET
IIPOU30MTH).

Onpenenenue. Ilpoussedenuem coovimuti A u B nazvieaemcs
coovimue C = AB, cocmoswee 6 mom, umo A u B npouzownu oonospemento.

[IpousBenenuto coObiTii A u B CcOOTBETCTByeT TmepeceucHue
M300pKAIONINX UX MHOXKECTB: AN B.

Onpenenenue. Cymmou coowimuii A u B Hazwieaemcs cobvimue
C=A+B, cocmoawee 6 mom, umo npouzouino xoms Obl OOHO U3 IMUX
coobimuil.

CymmMme coObituit A 1 B COOTBETCTBYET OOBEIMHEHHE HM300paKaroIIiX
ux MHOXkecTB: AU B.

Onpenenenue. Paznocmoio coovimuti A u B nasvieaemcs cobvimue
C = A-B, cocmoswee 6 mom, umo A npouzouwino, a B ne npousouino.

PasHoctu coObiThiii A 1 B COOTBETCTBYET TEOPETHKO-MHO>KECTBEHHAS
Pa3sHOCTh M300paKaroIMX uX MHOXeCTB: A\ B.

Onpenenenue. [ ogopam, umo coovimue A ereuem coovimue B, eciu
B npoucxooum ecskuii pas, kocoa npouzouinio coovimue A.

OtHomennto «cobbiTie A BieueT coObiTue B» cooTBeTcTByeT
OTHOIIIEHUE «A eCTh MMOAMHOKECTBO B» n3o0paxaronux ux MHokecTB: A C B.

Onpenenenue. Cooimus A u B mnaswvigaromcs HecosmecmubviMU,
ecu HacmynJienue 1100020 U3 HUX UCKTIoYaem Hacmynenue opy2o2o.

HecoBmecTtHbiM coOBITHAM A M B COOTBETCTBYIOT HE IMEpECEKaroIInecs
MHOXecTBa: AN B =,

Onpenenenue. FEcmu A —  Hexomopoe  cobvimue, mo

npomueonol0HCHbIM €M) HA3bleAdemcCAl cobvimue A, cocmosauee 6 mom, 4mo A
He npou3outsio.

[IpoTtuBomONOKHOMY COOBITHIO A cooTBeTcTBYeT nomoiHeHne Q\A
MHO>KeCTBa A /10 BCEro mpocTpaHcTBa 2.

3ameuaHnue. B nmanpHeiimeM Mbl He OyAeM pa3inuuaTh coObiTHE A,
HACTYTAIOIIEE B PaMKaxX HEKOTOPOIO CIIy4aHOTO SKCIIEPUMEHTA,  MHOKECTBO
A, m3o0paxaroiee ero B COOTBETCTBYIOIIEH MaTeMaTudeckoi moaemn. Kpome,
TOro JJisi 0003HAYEHUsl omepanuil HaJl COOBITUSAMM, HAPSIAy C MPUBEACHHBIMU
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BbIIlIE, Mbl OyJE€M HCIOJb30BaTh TEOPETHUKO-MHOKECTBEHHbIE O0O3HAYCHMUSI.
Hampumep, 3amucu C=AB u C=A[)B o3Hagaror OmHO H TO *Ke —
npousBeaeHue coobiTii A 1 B.

Onpenenenue. Cosokynnocme A  muoxcecms A Q) Hazvigaemcs
aneebpoul cobvimuti, eciu oma cooepacum Q u u3z ycrosus AeA , BeA
cniedyem, yumo A+BeA , ABeA u A-BeA .

WNnaue rosops, anreOpa coObITUH — 3TO cucremMa A  MOJIMHOXXECTB
MHOXKeCTBA €2 ¥ 3aMKHYTas OTHOCHUTEJIBHO ONepanuii O0bheAMHECHMUS,
NepecedeHns] M B3SATHS Pa3HOCTH. [IOCKONBKY C TPUKIAAHOW TOYKH 3PCHUS
€CTECTBEHHO TpeOoBaTh, YTOOBI CyMMa, MPU3BEIECHUE U PA3HOCTh COOBITHIA
CHOBa OBbUIM COOBITUSIMH, anredpa SBISETCS TEM MUHUMAJIBHBIM «3a[acomy
MHOKECTB, KOTOPBIM rapaHTUPYIOET BBITIOJIHEHHE 3TOr0 TPeOOBaHMUS.

Ecau nmpocTpaHCTBO 371€MEHTApHBIX COOBITUM 2 KoHeuHo, TO anredpa A
SBJIIETCS] HE TOJIbKO MUHUMAJIbHBIM, HO U JJOCTATOYHBIM 3a11aCOM MHOKECTB JIJIs
IIOCTPOCHUS TOJHOLEHHOW Teopuu. Ecim ke MHOXKeCTBO () OKa3bIBaeTCs
beckoneuHbiM, TO TpeOyeTCcsl BBIIIOJIHEHHE HEKOTOPBIX JOMOJIHHUTENIbHbBIX
YCIIOBUI, KOTOPBIE MMPUBOJAAT K MOHATHIO T.H. CUeMa-anceopbi.

Onpenenenue. beckoneunoe mmodcecmeo A Hazvieaemcs CHemHbIM,
eciu e20 2JeMEeHmMbl MOJNCHO 3AHYMEPOBAMb HAMYPATbHbIMU YUCIAMU M.e.
npeocmasums 6 6uoe Nocie008ameNbHOCIU HEeNn08MOPAIOUWUXCS INEMEHMO8
A={a,a,,...,a,,..},e0e a =a;,, i#j. B npomusnom cryuae Oeckoneunoe

MHOHCECMBO HA3bIEACNICS HECYEMHbIM.
Jlokazano, 4YTO cpeau OCECKOHEYHBIX MHOXKECTB CYIIECTBYIOT Kak
CUCTHBIC, TaK W HecueTHble. [IpuMepamMu CYETHBIX MHOXECTB CITyKat
MHOKECTBA BCEX HATypaJbHBIX, IEJIBIX WU PAlMOHATBHBIX Yrcesl. MHOXKECTBO
JEUCTBUTENBHBIX YHCEN (YHCIIOBas MpsiMas), MHOXKECTBO TOYEK IUIOCKOCTH,
1000 YUCTIOBOM MPOMEKYTOK SBIISIFOTCS TPUMEPAMH HECUETHBIX MHOYKECTB.
Onpenenenue. Aneebpa codvimuii A , Hazvieaemcs G -aneedpoll
(cuema-aneebpot), eciu OHA 3AMKHYMA OMHOCUMENIbHO CUEeMHO20 YUCIHA
onepayuti obveounenus, m.e., ecau uz yciosus A,A,,...,A,..€ A credyem

AUA U...UA U..eA .

3ameuaHnue. MOXHO 10Ka3aTh, YTO U3 3aMKHYTOCTH alnreOpbl COOBITUI
OTHOCUTEJIBHO CYETHOTO OOBEIMHEHHUS CJIEIyeT 3aMKHYTOCTh OTHOCHTEIHHO
CUETHOTO YHCJIa JIOOBIX IPYTHX Omepaluii HaJ coObITUsIMU. B wacTHOCTH, eciu
A yIOBJIETBOPSICT  YCJIOBUSM M3  ONpeAeieHus  G-airedpbl,  TO
ANAn.NnAnNn.eA.

B HacTosmieM wu3gaHMM MBI OTPAHUYMMCS PACCMOTPEHHEM TOJIBKO
KOHEUHbIX mpocTpancTB (2. Hambomee vacTto B 3TOM ciiyyae B KayecTBe
anreOpbl coObITUl A OepyT MHOXKECTBO BCEX MOJMHOMXECTB MHOXecTBa (2

(Bkmoyast camo Q u ). OHO Has3biBaeTcs Oyieanom € U 0003HAYAETCS

yepes 2°. Beriie ObLIO OTMEYEHO (cm. 1.8), 4TO eCIH
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MHOXkeCTBO Q ={®,,®,,...,0 } COCTOMT U3 N 3IEMEHTOB, TO MHOKECTBO BCEX
€ro TOAMHOXKECTB COAepkHUT 2" OIeMEHTOB, 4YeM MU OIpaBIbIBAETCS
0b6o3nauenne 2°.

1.2. BepoSITHOCTD CiIy4aiiHOTO COOBITHS U €€ CBOiicTBA

BepositHOCTh cOOBITHS A MHTYUTHBHO TTOHMMAETCS KaK YHCICHHAs Mepa
«OXKUAAEMOCTH» HACTYIJICHUS ATOTO COOBITHSA, 3aKJIIOYEHHas B Mpejenax ot
HYJIA 10 eauHulbl. Uem Onmke BEpOSTHOCTh COOBITHS K €IMHMIIE, TEM OOJbIIe
OCHOBaHMI 0KUJATh, YTO OHO HACTYIIMT MPHU JAHHBIX YCIOBUSX.

B pamkax ynmomsiHyTOro BbIIIIE aKCHOMATHYECKOTO MOAX0/1a BEPOSITHOCTD
(BEepOSITHOCTHYIO MEPY) OIPEACIAIOT Kak ynciaoByto Gpynkuuio P(A), 3amannyro
Ha HEKOTOPOM MHOXECTBE CIyYalHBIX COOBITUA W  YJOBJIETBOPSIONIYIO
oTpeieICHHOMY Ha0Opy YCIOBUH (aKCHOM).

Axkcuoma 1. Ilycmos QQ — npocmpancmeo snemenmapuvix coovimuii u A
— Hexomopas G -aneedopa coovimuu. Kascoomy coovimuro A€ A  cmasumcs 6
coomgemcmeue  Heompuyamenvroe  uucio  P(A),  Haseieaemoe  e2o

8EPOSIMHOCMDBIO.
Akcuoma 2. Beposmuocms 0ocmoseprnozo coovimus pasHa eouHuye:
P(Q)=1.
Akcnoma 3 (cyeTHasi AJJIUTUBHOCTH BEPOSAATHOCTHOW Mepbl). Eciu
coovimua A, A,,..., A ... nonapno necoemecmuul, mo

P(A+ A ...t A+.) =2 P(A).

B uacmnocmu, ons xomeunoz2o uucia N HONAPHO HECOBMECMHBIX COObIMULL
ALA,, ..., A uneem mecmo paseHcmeo

P(A+A +...+A)=P(A)+P(A)+...+P(A).

CBOHMCTBO, BBIpAXKa€MOE€ TIOCJIEIHUM PABEHCTBOM HA3BIBACTCS KOHEYHOL
A00UMUBHOCMbIO BEPOSITHOCTHON MEPHI.

CaencTrBus U3 aKCHOM

|. Beposimnocms negozmosicnozco cobvimus pasua nyaro.: P(J) = 0.

. [{ns moboco Ae A
0<P(A) <1.

V1. [{ns mo6oco Aec A B
P(A) =1-P(A).
IV. Eciu cobvimue A eneuem 3a coboii coovimue B, mo

P(A) < P(B).
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V. (Teopema cioxeHusi BepositHocTei). Eciu A u B — npoussonvhbvie (e
00513amelbHO HeCOBMeCmHble) COObIMUSL, MO

P(A+B)=P(A)+P(B)—-P(AB).

Onpenenenue. BepoamhocmHbiM  NPOCMPAHCINEOM — HA3LIBAIOM
mpotixy obvekmos (Q,A ,P), e2de Q - npocmpancmeo 3s1emeHmapHvix

coovimuii, A — o-areebpa e20 NOOMHONCECMNE, HAZLIBAEMBIX CHYUAUHBIMU
coovimusmu, P(A) — eeposmnocms, onpedenennas na c-anceope A .

B coBpeMeHHOI Teopuu BEPOSTHOCTEH IMOCTPOSCHUE BEPOSITHOCTHOTO
npoctpanctBa (2, A ,P) sBnsieTcss ICXOAHBIM MOMEHTOM JIJISl MAaTEMAaTHYECKOTO
OTIMICaHUS ¥ MOJICTTUPOBAHMS JIFOOBIX CITyIailfHBIX SIBJICHUH U TIPOIECCOB.

§ 2. Knaccuueckoe onpeesieHue BepOSITHOCTH

[Ipenmomnoxum, 4T0 MPOBOAUTCS CIyYaWHBIA IKCIIEPUMEHT C KOHEUHBIM
YUCJIIOM 3JIEMEHTapHbIX ucxoJoB Q={o,;®,;...;»,}, U OyCTb HMEIOTCI

OCHOBaHMS (Hampumep, COOOpaKEHUsi CHUMMETPUU) CUYUTATh OTH HUCXOJbI
PAaBHOBO3MOKHBIMU:

1
P0y)=P(0;)= . =P(o,)=
3agaauM BeposTHocTh Ha A =2 cremyrommm o6pazoM. Eciam coObITHIO

Ae2® ONaronpusITCTBYIOT K 3JeMEHTapHBIX COOBITHIA ©, , @ .., @; , TO €TO

BCpOfITHOCTB ITOJIOKUM paBHOﬁ
. K
P(A)= Y P(w, )= -,

m=1

B wactHocTH, P(Q)= Zn:P(com): % =1. OueBuaHO, 4YTO BCE AKCHOMBI
m=1

BEPOATHOCTH JJIi BBEJACHHON HaMu (YHKIMM MHOXECTBA BBIMOJHEHBI.
Omnpenenenrue BEPOSITHOCTH COOBITUA A, Ha OCHOBE WM3JIOKEHHOTO MOJX0Ja
Ha3bIBaeTCs Kraccuueckum. KpaTko 310 onpeneseHrue MOKHO c(hopMyIupoBaTh
TaK:

npU  YKA3aHHLIX 6blle YCIO0BUAX 6ePOAMHOCMb cobbimusi A paeHa
OMHOWEHUIO YUCAA INEeMEHMAPHBIX UCX0008, OIAONPUAMCMEYIOWUX COOLIMUIO
A Kk obwemy uucty 21emMeHmapHuIX UCX0008

p(a)= M)

m(Q)’

20e CUMBOIOM m(A) 0003HAYEHO YUCTIO DTIEMEeHMO8 MHodcecmea A.
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[Ipumep 2.1. CnydailHblii SKCIEPUMEHT COCTOUT B OJHOKPATHOM
BBIOpachIBAHUM JIBYX UTpajbHBIX KocTeil. HailTu BEposITHOCTH TOTO, 4TO CyMMa
BBINABIIINUX HA IByX KOCTSIX OYKOB KpaTHA IISITH.

Pemenune. Kaxnpiii sneMeHTapHBIM MCXOJ 33JaJUM YIOPSIIOUYCHHOMN
napoi uucen (1, j), Tae | — YACIO OYKOB, BBIMABIICE HA TIEPBOM KOCTH, | — Ha

BTOpOif, 1<1i, j <6. O6mIee UUCIO >IEMEHTAPHBIX UCXOAOB paBHO N =6° =36.

CooObitriio  A={cymma ouYkoB KpaTHa S} , OJaronpusATCTBYIOT K=7
3JIEMEHTApPHBIX UCXO/IOB:
5+5=10, 6+4=10, 4+6=10, 1+4=5, 4+1=5, 2+3=5, 3+2=b5.

k 7

Taxum o6pazom, P(A)=— = —.
n 36

B NpuBEIEHHOM TIPUMEpPE YHCIIO BCEX SIEMEHTApHBIX coObITHit M(Q) 1

quicio M(A) coObITHil, GMArOMPUATCTBYIOMMX COOBITHIO A, JTETKO TIOTy4anoch

HEIMOCPEICTBEHHBIM MOIcYeTOM. OTHAKO B OOIBITMHCTBE MTPAKTUUIECKHA BAKHBIX
CIy4aceB 4Yuclia m(Q) u m(A) HACTOJIKO BEJIMKH, YTO HEMOCPEICTBEHHBIN
MOJCYET HEBO3MOXKEH. B  Takol cCHUTyallud  UCHOJB3YIOTCS  METOJbI
KOMOMHATOPUKH, YacTh M3 KOTOPBIX ObLIa pacCMOTPEHA B MEPBOM YaCTH
METOJIMYECKUX YKa3aHU.

IIpu mojcuere BEpOATHOCTEHM B paMKax KJIACCHUYECKOTO MOJIX0/1a YI00HOM
MOJIE/IBIO PKCIIEPUMEHTA SIBJISIETCS TaK Ha3bIlBaeMas BbIOOpouHas cxema. IlycTh
CIIy4aliHBIM 3KCIEPHMEHT COCTOMT B BbIOOpe Hayaauy K 31eMeHTOB H3 N
pPa3JIMUHBIX BJEMEHTOB HEKOTOpPOro MHOXecTBa E :{el;ez;...;en}. Jlst

OnpeaeleHHOCTH Oy/eM CUMTaTh, YTO UMEETCS ypHa ¢ N HEpa3IMYUMBIMU Ha
OIIyIlb, HO MPOHYMEPOBAHHBIMH IIAPAMH, M3 KOTOPOW Haynady H3BJICKAOT K
mapoB. [Ipu 3ToOM UMEIOTCA JiBa pa3IMUHBIX crioco0a MEHCTBUN — cayuaiiHblil
6b100p Oe3 60368paujeHusi, KOTJla BBIHYTHIA IIap OOpaTHO HE BO3BpAIACTCS U
CIY4alHbll 6b100p C B8038paujeHuemM, KOrja W3BICYEHHBIA IIap BCAKUN pa3
BO3Bpalaercs B ypHy. KpoMe Toro, Mbl MOKE€M YUUTHIBATh MOPSJIOK, B KOTOPOM
MOSIBJIIFOTCS  M3BJIEKaEMbIE IIaphbl, TOTJA Pe3yJbTaTOM JKCIEpUMEHTa OyaeT
ynopsioouenHas 6vibopka. Ecin e y4UTBIBa€TCS TOJBKO COCTaB IIApOB B
BBIOOPKE, HO HE UX MOPSAJOK, TO TOJIYyYaeM Heynopso0odeHHyo 6b100pKy. B cBsi3n
C YNOMSHYTOW WHTEpIpeTanueid, BbIOOPOUYHYIO CXEMYy 4YacTO Ha3bIBAIOT
YPHOBOU CXEMOM.

B 3aBucMMOCTH OT TOro, Kakod M3 YEThIPEX OMUCAHHBIX BAPUAHTOB
peanuzyetcs (YImopsi0ueHHbIN BEIOOP C BO3BPAIICHUEM, HEYTIOPSAOUEHHBIN 06€3
BO3BpallleHUss W T.A.), Mbl OyJeM TMojy4aTh pa3judyHble MHOXecTBa ()
AIIEMEHTAapHBIX cOOBITUM. [J1s1 mocyeTa O0IIero YKciia 371€MEHTOB m(Q) B 3TUX
MHOXKECTBaX MPUMEHSIOTCS pa3iu4yHble KOMOWHATOPHBIE YHMCIA, BBEJACHHBIC B
MEPBOX YACTHU METOIMYECKUX YKA3aHUM.

Jlanee Mbl pPacCMOTPUM KaXKIbId U3 YETHIPEX YHOMSIHYTBHIX CIy4aeB
OTIENBHO, TPU OSTOM HAM TMOHAJO00ATCS HEKOTOpPhIE JIOMOJHUTEIHHBIC
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o6o3nauenud. IlycTep ypHa conepkuT N 1mapoB ¢ HoMmepamu 1, 2,..., n.
Y CIIOBUMCSI 3alMChIBATD YIIOPSIOUYEHHYIO BBIOOPKY, COCTOAIIYIO0 U3 K IIapoB B
BUJIE (ai,az,...,ak), rae a —HOMep Imapa, W3BJICYCHHOr0 Ha I-M mare, a
HEYIOPALOYECHHYIO — B BUJIE [al, a, ... ak]. Hanpuwmep, ecau B ypHe 5 mapos, TO
npu BbIOOpe 0e3 BO3BpallleHUs 4YeThipex ImapoB 3amnucu (2,3,1,5) u (3,1,2,5)
COOTBETCTBYIOT JIBYM Pa3IU4HBbIM YIOPSJOUYECHHBIM BBIOOPKAM C OJMHAKOBBIM
coctaBoM IapoB. 3amuchk [1,2,3,5] o3HayaeT HEyHOPAIOUYCHHYIO BBIOOPKY C TEM
€ COCTaBOM WIapOB, YTO W JBE NpeAblayliue (IUisi ONPEAeTIeHHOCTA MbI
pPacnoJIOKWIA HOMEPA B MOPSKE BO3PACTAHHUS).

§ 3. Cuayuaiinblii BbIOOp 0€3 BO3BpalleHus!

Bbynem mpennonarate, uto K <N W 9TO M3BJICYCHHBIC MIapbl OOPATHO HE
BO3BpamaTcs. B 3ToM ciiydae, Kak OBUIO OTMEYEHO, HMEIOTCS JIBE
BO3MOYKHOCTH, CBS3aHHBIE C TE€M, CUMTAEM JIU Mbl BHIOOPKU YIOPSAO0YEHHBIMU
WJIU HET.

3.1. Cxema BbIOOpA, NPUBOASIIIAS K COYETAHUAM

Ecin paccMaTpuBaroTCs HEYNOPSIOYEHHBIE BEIOOPKH, TO
Q={o:0=[a,a,..a] a=a;,i#ja=12.,nf,
T.€. DJIEMEHTAPHBIMU HCXOJaMM OyIyT codeTaHus 6e3 MOBTOpeHud u3 N mo K,
YHCIIO KOTOPHIX corsacHo (1.7) paBHO

m@)=ct=— " __
k1(n-k)!

[Mpumep 2.2. U3 maptum, comepxaiieii N u3nenui, cpeau KOTopsix |
OpakoBaHHBIX, HayJady W3BJICKAIOT K w3menuit miig  KoHTpoiiss. Halitu
BEpPOSITHOCTh COOBITHS A = {B IOJYYEHHOH BBIOOPKE POBHO I W3JEIHI
OpakoBaHHBIC} .

Pemenue. U3 ycnoBus sicho, uto K <n u r < k. 3anymepyem u3memnwis
ypciaMd oT 1 0 N, U mycTb MHOXectBo HomepoB E; = {1, 2, ..., n—1}
COOTBETCTBYET I'OJIHBIM U3JCIUSIM, a MHOKECTBO HOMepoB £, = {n—1+1,..., n}
— OpaKOBaHHBIM U3JICITHSIM.

CornacHo yCIIOBHIO 3a/1a4H, IPOU3BOIUTCS HEYOPSIOUECHHBIH BEIOOD 63
BO3BpalieHus K anemeHToB u3 MHOXecTtBa E =E, UE,={1, 2, ..., n}. [ToaTromy

(2.1)

m(Q)zC:. CoObiTHIO A ONAaronpusATCTBYIOT TOJBKO TaKH€ HMCXOAbl, IpPH

KOTOpPBIX I DJIEMCHTOB BBI60pKI/I IIpHUHAAJIC)KAT Eg, a ocragpHple K-—r
9JICMCHTOB — MHOXCCTBY E]_. BpaKOBaHHLIC U3ICJIUS B KOJMYECTBE I IITYK

MOHO BbIOpaTh u3 umeromuxcs | mryk C| cnocodamu. OcraBmmecs K—r
FOOHBIX wW3genud u3 n—| wumerommxcs — C:_T cnocobamu. Ilo
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KOMOMHATOPHOMY MpaBWily mpousBeneHus (cM. m. 1.3) momydaem, 4To YHCIIO
BCEX MHTEpEeCyIOImMX Hac McxonoB paHo M(A)=C/C '

o > TaK YTO HCKOMas

BCPOATHOCTD CCTh

r~k-r
p(A)= S0t 2.2)

3ameuyanue. Popmyny (2.2) MOXHO HNPUMEHATH M B TEX CIydasX,
KOIJla MO YCJIOBHUIO B BBIOOPKE MOJDKHBI OBITh TOJBKO TOJIHBIE WU TOJBKO
OpakoBaHHbIe JeTanu. Hampumep, eciii HCKaTh BEPOSATHOCTb TOrO, YTO BCE
OTOOpaHHBIC JIETA OKA3aJIMCh OpaKOBaHHBIMH, MONYy4YUM H3 (2.2) ¢ ydueTom
k=r,C?, =1,
Ck
P(A)=—.
Ck
n

3.2. Cxema BbIOOpA, NPUBOASIIIAS K pa3MeleHusIM

B ciydyae ymopsamo4YeHHBIX BLIOOPOK 0O€3 BO3BpAILEHUS IPOCTPAHCTBO
9JICMCHTApPHBIX COOBITHIT UMEET BU
Q={o:0=(a,a,..a) a#a,i# ], a=L2..,n

Kaxnmas Takas BBIOOpKa MpPEICTaBIsSET coOOW pasMenieHue u3 N mo K Oe3
noBropenuii. x yucio, B coorBercTBu ¢ (1.3), paBHO
me)= A =

(n—k)!

[Ipumep 2.3.Umeercs 8§ xapTouek, Ha KOTOPHIX 3alKCaHbI MEpBbie 8
OykB pycckoro andasurta. Hayraa 0e3 Bo3BpalieHusi 0OTOMPAIOT 5 KapTOUeK U U3
MOJIyYEHHBIX B TMOPSAIKE IMOCTYIUICHHs OyKB COCTaBISIIOT clioBo. Haiitu
BEPOATHOCTh TOTO, YTO COCTaBIEHHOE YKa3aHHBIM CIOCOOOM CJIOBO OyIeT
OKaHYMUBATHCS OYKBOU «O»?

Pemenue. B namnom cimysae m(Q) — 3To 4mcio Beex 5-6GyKBeHHBIX
CIOB B JaHHOM ombiTe. OHO PaBHO YHUCTY S5-3JIEMEHTHBIX YHOPSIOYECHHBIX
IIOJMHOKECTB U3 8 DJIEMEHTOB, T.€.

m(Q)=A =8-7-6-5-4.
Paccmotrpum coObiTe A4 = {Haymady COCTaBJICHHOE YyKa3aHHBIM CIOCOO0M
CJIOBO OKaH4YWBaeTCs OyKBOW «O»}. UMCIO 3J€MEHTOB MHOXeCTBa 4 paBHO
YHCIy CIMOCOOOB pPa3MECTHTh Ha 4YETHIPE OCTAaBIIMECS MeCTa IO OJHOMY
CUMBOJTY U3 / (CUMBOJ «O» UCKJIIOYEH U3 PACCMOTPEHMUS, MOCKOJIBKY €r0 MECTO
y>Ke OMPEIeNICHO); TAKUM 00pa3om,
m(A)=A'=7-6-5-4,

P(A)= m(A) 7-6-5-4

mQ) 8.7-6-5-4 8

(2.3)

TakK 4TO
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§ 4. CayuaiiHblii BLIOOP ¢ BO3BpalleHHEM

B srom ciyyae kakaasi KOMIIOHEHTa @, MOXET IpUHUMATh JI00oe U3

3HadyeHuu 1,2,...,n, B oTau4yue oT BeIOOpa O3 BO3BpAIllCHUS, I/Ie HOMEepa IIapoB
MOBTOPSITHCSL HE MOTYT, T.€. & #a,, I# J. Kpome TOro, ecrecTBeHHOE NIpH

BBIOOpe ©O¢3 BoO3BpalieHHs yciaoBue K<n Temepb, BOOOINEC TOBOpS, HE
BBITIOJTHSCTCS.

4.1. Cxema BbI0OOpa, NPUBOASINIAS K COYETAHUSAM C NOBTOPEHUSIMH

Ecnmu paccmatpuBaroTcss HEYNMOPSIOYCHHBIC BBIOOPKU C BO3BpAIllCHUEM,
TO MPOCTPAHCTBO JIEMEHTAPHBIX COOBITHIA () BBITIIIUT CISAYIONUM 00pa3oM:
Q={n:o=[a,a,,.,a],a =12,..,n},
T.C. DJIEMEHTAPHBIMU UCXOJaMHU OYAyT COYCTaHHUS C MOBTOpEHHSMH M3 N 10 K,
YHCII0 KOTOPBIX coryiacHo (1.9) paBHO
’ (n+k-1)!
M(Q)=Cpus =" -
k1(n-1)!

[Ipumep 2.4. Bo BpeMsa KapTo4yHOro ¢QokKyca u3 CTaHIAPTHOU
KOJIOZBI, cojepxaiieil 36 KapT, MOCIEAOBATEILHO JOCTAIOT U IOKA3bIBAIOT
3putensaM 3 kaptThl. [Ipy 3TOM KaXIblii pa3 W3BJICUYCHHAS KapTa BO3BPAIACTCsI
00paTHO B KOJIOAY M KapThl TIIATEJILHO NepeMelnBatoTcs. HailTu BeposITHOCTD
coobiTuii  A={Bce TmOKa3aHHbIC KapThl HMECIOT pa3Hyl0 MacTb}, B={Bce
TIOKa3aHHbIC KapThl IMEIOT OJIHY U TY JK€ MacTh}.

Pemenne. Ilponymepyem mactu uuciaamu oT 1 10 4 m paccmorpum
YPHOBYIO CXeMy BbIOOpa ¢ Bo3BpamieHueM it N =4. [lockoibKy B KOJOJE
UMEETCSl PaBHOE KOJUYECTBO KapT KaKIOW MAcCTH W TOSIBICHUE JIIOOOM KapThl
pPaBHOBEPOSTHO, W3BJICYCHWE KapThl MacTd ¢ Homepom |, 1=1234,

(2.4)

9KBHUBAJICHTHO M3BJICYCHHUIO IIapa € TEM K€ HOMCPOM. CJIC,Z[OB&TCJ'IBHO, 9 1CJIO
BCCX PABHOBCPOATHBIX HCXOAOB OAHHOI'O OKCIICPMMCHTA PpPaBHO YHUCITY
COYETAaHUU C IMOBTOPCHUSAMM U3 4 571eMEHTOB 110 3, T.C.

A3 3
m(Q) T M43 T CG '
Yucno MCXoA0B, OIaronpusATCTBYIOMINUX COOBITHIO A, paBHO YHCIy CHOCOOOB
oToOpath Oe3 Bo3BparieHus 3 mapa us3 4, T.e. m(A) =C;. IlosToMy

3 I
wmzmﬁli%ziziwqm.
mQ) C2 6! 30
Uucno mcxoa0B, OJAaronpusTCTBYIONIMX COOBITHIO B, paBHO umcily cnoco0OoB

BBIOpATh OAMH IIAP U3 YETHIPEX, m(A) = C,, HO3TOMY
1

p(B):wzc_g:ﬂzlzo’z_

mQ) c¢ 6 5
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3ameuyanue. Ilpum pemenun 3amaun BakeH ObUI TOT (akT, dYTO
MosIBJICHUE JII000M MacTh paBHOBEPOSATHO. IIpoBeACHHOE pacCyXICHHE
NPUMEHUMO K JI00OM CHUTyallud, KOrja BbIOMpaeMblii OOBEKT C paBHOMU
BEPOSITHOCTBIO TPUHAIICKUT OJHOMY H3 HECKOJBKHX HEIEePECEKAOITUXCS
kiaccoB. CKOJIBKO 0OOBEKTOB COJIEPIKHUT KaXIABIA Kiacc (B HaIIEM ciaydae 9) mpu
TOM HECYIIECTBEHHO — KOJTUYECTBO MOXET OBITh JTFOOBIM, JJakKe OCCKOHEUHBIM.

4.2. Cxema BbIGOpa, NPUBOASAIIAS K PA3MEIIEHUSIM C IOBTOPEHHSIMH

[Ipu paccMOTpeHHH YHOPSAJOUYEHHBIX BBIOOPOK C BO3BpALICHHEM,
MOJTy4aeM CJIEYIOIIee IPOCTPAHCTBO 3JEMEHTAPHBIX COOBITUI
Q={w:0=(a,a,,..,a),a =12,..,n},
TaK YTO AJIEMEHTAPHBIMU UCXOJaMU OyIyT pa3MelIeHusi ¢ MOBTOPEHUSIMHU U3 N
1o K, urcio kotopsix B cuity (1.5) paBHO
m(Q)=k".

[Ipumep 2.5. MHNmeercs 10 oaWHAKOBBIX IIAPUKOB, KOTOPbHIE
CIy4aiiHeIM 00pa3oM pacchimaroTcs 1o 6 JyHkam (B OJHY JYHKY MOJXKET
MOMECTUThCS JII000e uucino mapukoB). CKOJIBKO CYIIECTBYET Pa3IMYHbIX
criocoboB pacnpenenenus 10 mapukoB mo 6 myHkam? KakoBa BEepOATHOCTH
TOTO, YTO B pe3yJbTaTe JAHHOTO OMbITa MEpBas, TPETbid U YETBEPTas JYHKHU
OKaXyTCsl MyCTbIMU (MPU 3TOM MOTYT OKa3aThCsl IMYCTHIMHU U €Ille KaKue-JInoo
JTYHKH)?

Pemenue. IIponymepyeM JIyHKH W IIapukd. MOXXHO CUYHATaTh, YTO
ombIT coctouT B 10-kpatHOM BBIOOpE (T.e. K =10) ¢ BO3BpameHHeM HOMepa
ayHKM @;, 1<@,<6, Tak u4TO »dJeMeHTapHbIM coObiTHeM Oyner 10-

KOMIIOHEHTHBIH yTOpsAI0UeHHbIi BekTop (a, az,...,am). Takum 00pa3zom, 4KcIo
Bcex crmocoboB pacnpenenmuth 10 mapukoB mo 6 JyHKaM paBHO YHCITY
pa3MenieHuii ¢ moBTopeHusmMu u3 6 mo 10, T. e. m(Q) =6,

CoObitne A={mepBas, TpeThsi U UYETBEPTasi JYHKH OKAXKYTCS ITyCTHIMH }
COOTBETCTBYET TAaKOMY BEKTOPY (al,az,...,alo), KOMIIOHEHTBI KOTOPOTO MOTYT

OPUHUMATh JIMIIb 3HAaYeHus a =2, 5, 6, mockonbky Homepa 1, 3 um 4 us

paccmoTpenus uckmodens. [Tootomy m(A)=3". Hmeem

m(A) (3} 1
P(A)_m_(gj = Topg = ©:0009.
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§ 5. IToacyer BepoOATHOCTEH ¢ MOMOIIBIO (POPMYJIbI
BKJIIOYEHUN-UCKJIIOYEHUN

Paccmotpum emie onno npumenenue ¢opmydsl (1.12). Ilycrs kK, ..K,
HEKOTOpast TepecTaHoBka uwucen 1,2,..,N. byaem roBoputb, 9TO B OTOU
IepecTaHOBKE YHCIO | CTOMT Ha cBoeM Mecte, ecnu K. =i. Hanpumep, B
nepectaHoBke 52143 umcna 2 u 4 croAT Ha cBoeM Mecte. llepectaHoBka
HA3bIBACTCS O€CnOPsIOKOM, €CII HU OJTHO U3 €€ YHMCEeJ HE CTOMT Ha CBOEM MECTE.

[Ipumep 2.6. Hailitu KoaumuecTBO O€COPSIKOB, 00pa30BaHHBIX
yuciaamu 1,2,...,n

Pemenue. DT0O KOIMYECTBO MOKHO MOJYYUTh, BBIUMTAs U3 OOULIETO
Yyclia TMEepPecTaHOBOK N! 4YHCIIO MEepecTaHOBOK, B KOTOPBIX XOTSA Obl OAMH
3JIEMEHT CTOUT Ha cBoeM Mecrte. IlycTb A - MHOXECTBO INEPECTAHOBOK, Y

KOTOPBIX 4mcio i, 1 =12,..n, ctouT Ha cBoeM MmecTe. Toraa uckomoe yucio N
OecropsIIKOB 6yzLeT paBHO

N=nlm(AU..UA)=nYmA)+ YmA NA)-

- Zm(AH NA NA)+..+ i—l)”m(A1 N A_\z N..NA).
Ouesuno, uto M(A )= (n-1)!, 3Hauut
> m(A,)=n(n-1)=n!.

AHaJornyHo,
m(A, NA)) = (n—21), oTkyma

> m(A, NA,)=C}-(n-2)!=

1<ij<ip <n 2

Hanee, M(A NA NA )= (n—3)!, Tak utO
>m(A, NA, NA)=Ci-(n-3)!=

1<iy <iy <iz<n 3
Teneps yxe BugHA 0011as1 3aKOHOMEPHOCTh
2MA NA NN A )—— k=12,.
1<iy <iy <..<i <n
¥ MBI TIOJTy4aeM HYXHYI0 popmyy
k
n! n! n(—1
N=ntnh———+..+(-1)"=n> ) . (2.5)
21 3l o k!
Crnenyroiiasi BEpOsITHOCTHAS 3a/1a4a U3BECTHA B Pa3HBIX (POPMYJIHUPOBKAX
(kak 3aJaya O MUChbMaX M KOHBEPTAaX, O PACCEIHHON ceKkpeTaplie, O pas3gade

MOJAPKOB U T.I1.) U OCHOBAHA Ha IMOJICYETE YUCcia OECIOPSIIKOB.
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I[Tpumep 2.7. Cekperapmia a0MKHA OblIa BJIOXKHTH N THCEM B N
3apaHee TNOJANHMCAHHBIX KOHBEPTOB M pa3ociaTe uX 1o aapecaMm. Ilo
pPacCessHHOCTH OHa pa3joXKuja MUChbMa CIy4ailHbIM 00pa3oMm, MpU ATOM B
KKl KOHBEPT IOMAaja0 1Mo nmuchMy. Haiiti BeposTHOCTH coObITHS A={XO0Ts
OBI OTHO MUCHMO OKAa3aJI0Ch B HY’)KHOM KOHBEPTE}.

Pemenune. Bynem cuurtath, yTo BCce N! BapuaHTOB pacmpeneiacHus

MACEM T10 KOHBEPTaM PaBHOBEPOSTHHI. UMCIIO BaApHAHTOB, B KOTOPHIX €CTh XOTS
OBl OJTHO COBIIAJICHUE MUCbMa M KOHBepTa paBHO Toraa N!-N, rome N - gucio

OecropsiIkoB 00pa3oBaHHBIX uuciaamMu 1,2,...,N u ompenensieMoe (GopMyoit
(2.5). Umeem

ni-N n (—1)"
P(A)= =1— _ 2.6
(A n! g k! (6)
* (-1
Boipaxenue ). ! €CTh N -1 YaCTUYHas CyMMa Pa3I0oKeHUs
k=0 -
w (1)
e‘1:2—( D) . (2.7)

k=0 .
[TosTomy mipenen mpaBoit yacTu (2.6) mpu N — oo paBeH
Y
imP(A)=1—timy CY g1
n—oo n—>» = k | e

Psin (2.7) ouenb OBICTPO CXOAUTCS, TAK KaK OI[CHKA OCTATKA UMEET BH/I

k
1 4 (_1) | e
em—> <
S k! | (n+1)
[ostomy umcno 1—-e~ ~0,6321 nmaer Xopoulee NPUOIMKEHHE IS MCKOMOIL
BEPOATHOCTH YK€ MPHU CPAaBHUTEIBHO HEOONbIIMX 3HaueHusx N. Hampuwmep,

npu N=06 mocienHee PaBEHCTBO BEPHO C TOYHOCTHIO 10 4 3HAKOB IMOCIE
3amaToi. 3aMeTUM, YTO HaWJeHHAas BEPOSITHOCTh CYIIECTBEHHO MPEBOCXOIUT

BCPOATHOCTD e_l TOIr'0, 4TO HU OJHO IMMCBMO HEC ITOIIAJCT B Hy}KHbIﬁ KOHBCPT.

3ajanus I CAMOCTOSAATEJIbHOM Pa00ThI CTYACHTOB

2.1. W3 momHoro HaGopa momuHO (28 mITYK) Haymady BHIOMPAOT 7
Koctel. KakoBa BEpOSATHOCTD, UTO CPENM HUX OKAXETCS IO KpalHEN Mepe OJHa
KOCTh C IECThIO Oukamu?[8]

Oteet:1-C/ /CJ, ~ 0,932

2.2. W3 gpecatu mepBeIX OYKB pycckoro andaButa Hayjgaudy
COCTaBIIsIETCSl HOBBIN anaBuT, coctosmii u3 msitu OykB. Haiiti BeposiTHOCTH
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cIeAyrnmx coObITUi: A = {B COCTaB HOBOro ajiaBuTa BXOAUT OykBa a}, B =
{B cocTaB HOBOr0 ajihaBUTa BXOAT TOJIBKO COrIacHbIe OYKBHI}.[8]
Orser:P(A)=1/2;P(B)=1/42

2.3. Cpemu KaHIUJATOB B CTYACHUECKUH COBET (QakynpTeTa 3
IIEPBOKYPCHHKA, 5 BTOPOKYPCHHUKOB M 7 TPETbEKYpPCHUKOB. M3 3Toro cocrasa
HayJady BbIOMpAIOT MATh YENOBEK Ha MIpeICTosIlyro KoHdepenuuto. Haitu
BEPOATHOCTH  CHEAyIoIUX coObiTuii: A = {Oyayr BbIOpaHbl OJHU
TPETbeKYpPCHUKH }, B = {Bce mepBoKypcHUKH MomnaayT Ha KoHpepeHuuw}, C =
{He OyaeT BEIOpAHO HU OJTHOTO BTOPOKYpCHHKa }.[8]

Otset: P(A)=1/143; P(B)=1/91; P(C)=1/143

2.4. U3 ypHbl, cogepxaiieii m, + m, mapoB, U3 KOTOPBIX M, OenbIX U

M, 4epHBIX, HayAady oTOMparoT Mumapos (M < min(m;;m,)) 1 OTKIaaBIBAIOT B

cTopoHy. HailTu BeposSTHOCTH CIeAyOIMX COOBITHH: A = {BCE OTIOXKCHHBIC
mrapsl Oenbie}, B = {cpeau OTIIOKEHHBIX MapoB poBHO x Oenbix; K <m}.[8]

m k ~m-k
Orser:P(A)= Cn:]ml . P(B)= lemL
My +mp my+m,

Yucna 1,2,...,9 3anmuceiBaroTcs B CirydaitHoM mopsiake. B 3amavax 2.5-2.7
HAWTH BEPOSTHOCTH YKa3aHHBIX COOBITHH.
2.5. A= {uucna OyayT 3amucaHbl B OpsAKe Bo3pacTanus}.[8]
Otger:1/9!
2.6. B={uucna 1l u 2 OyAyT CTOATH PSIJIOM U B MOPSJIKE BO3pACTAHUS },
C = {uucna 3, 6 u 9 OyayT cTosTh psigom}.[8]
Otser: P(B)=1/9;P(C)=1/12
2.7. D = {Ha 4yeTHBIX MeCTax OyAyT CTOATh YETHbIC yncna}, £ = {cymma
KaXIBIX JIBYX YHCEJl, CTOSALINX HA OJJUHAKOBOM PAcCTOSIHUU OT KOHIIOB, paBHa
10}.[8]
Otset: P(D)=1/126; P(E)=1/945

2.8. [I'pymma, cocrosias u3 8§ 4el0BEK, 3aHUMAET MECTA 33 KPYTJIbIM
CTOJIOM B ciIy4aliHOM nopsiake. KakoBa BeposiTHOCTb TOTO, YTO IIPHU 3TOM JIBa

OTPEICIICHHBIX JINIA OKKYTCS CHIAIUME psiioM|[8]
Ortser: 2/7

2.9. B Ttexnmueckoii OMOIMOTEKE HMEIOTCS KHUTM II0 MaTeMaTHKe,
¢usuke, XUMUU U T.1.; Bcero nmo 16 pazgenam Hayku. [locTynumm odepenHble
YyeTblpe 3aka3a Ha JauTeparypy. Cuwuras, 4Tto 000N COCTaB 3aKa3aHHOMN
JUTEpaTyphl PaBHOBO3MOXEH, HAWTH BEPOSTHOCTU CIEAYIOIIUX COOBITHH:
A={3aKka3aHbl KHUTY W3 PA3JIMYHbIX pa3/IeJIOB HayKH |, B={3aKka3aHbl KHUTU U3
OJIHOTO M TOTO K€ pa3jeiia Hayku }.[8]

Otser: 0,74; 0,004
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2.10. B xoHauTepckod uMeeTcss 7 BUIOB MNHPOXKHBIX. OuepenHoun
MOKyTIaTelh BBHIOWI YeK Ha 4 MUpOXKHBIX. CUHTas, 4TO 000N 3aKa3bIBaCMbIN
HAOOp THUPOXKHBIX PABHOBEPOSTCH, BBIUMCIUTh BEPOATHOCTH TOTO, YTO
MOKYyIIaTelb 3aKa3all: a) MUPOKHBIE OJTHOTO BUA; O) MUPOKHBIC Pa3HBIX BUJIOB;
B) 110 JIBa IMPOKHBIX Pa3IMYHBIX BUJIOB. [8]

Otsert: a) 1/30; 6) 1/6; B) 1/10

2.11. Bpocaercs 10 oOAMHAKOBBIX HIpaJbHBIX KOCTEH. BbUKMCIUTD
BEpOSITHOCTHU ClIEyIOIMX coObIThit: 4 = {Hn Ha OJIHOM xoctn He BEIMazeT 6
oukoB}, B = {xorst 661 Ha OJIHOM kocTu Beimager 6 oukoB}, C = {poBHO Ha 3
KOCTSIX BbIIageT 6 oukoB}. [8]

Otser: P(A)=(5/6)"° ~0,1615 ;P(B)~0,8385; P(C)=~ 0,155

2.12. OnbIT COCTOUT B YETHIPEXKPATHOM BBIOOPE C BO3BPAIICHHEM OJIHOM
u3 OykB andasuta E={ a, 6, K, 0, M} U BBIKJIAJILIBAHUU CJOBA B TOPSJKE
noctyruieHuss OykB. KakoBa BepoOsSITHOCTH TOro, 4TO B pe3yibTare OyIeT

BBLIOKEHO CITOBO MaMma? [8]
Otser: 0,0016

2.13. B mnoawe3ne mgoMa yCTaHOBIEH 3aMOK C  KoaoM. JIBepb
ABTOMAaTUYECKH OTIIMPACTCS, €CIM B OIPEACICHHON IIOCIEI0BATEIbHOCTH
HaOpath Tpu HUGPHI U3 UMEroUXcs aecati. HekTo Bomen B Moabe3N U, HE
3Has KoJa, CTaj HayJayy npoOoBaTh pa3inyHbie kKoMOuHauu u3 Tpex nudp. Ha
KOKIyl0 TomnbITKy OH TpatuT 20 cekyHa. KakoBa BEpOSATHOCTh COOBITHS
A = {BomeiIeMy y1acTcsi OTKPBITh IBEpb 3a ojiuH yac}? [8]

Ortser: 1/4
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